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A Boolean function f (x1 , ..., xn) is elusive if every decision tree evaluating f must
examine all n variables in the worst case. Rivest and Vuillemin conjectured that
every nontrivial monotone weakly symmetric Boolean function is elusive. In this
note, we show that this conjecture is true for n=10.  1999 Academic Press
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1. INTRODUCTION
An algorithm for computing a Boolean function is called a decision tree
if, for each input assignment to the variables of the function, its computa-
tion consists of a sequence of queries, where each query is made on the
value of a variable and depends on previous computation. A Boolean func-
tion is elusive if every decision tree computing it, in the worst case, queries
all variables.
Consider two assignments x=(x1 , ..., xn) and y=( y1 , ..., yn). We write
x y if xi yi for all i. A Boolean function f is increasing if f (x)=1 and
x y imply f ( y)=1, decreasing if f ( y)=1 and x y imply f (x)=1,
monotone if it is either increasing or decreasing. A Boolean function f (x) is
trivial if either f (x)#0 or f (x)#1.
We call a subgroup G of symmetric group Sn an invariant group of
Boolean function f (x1 , x2 , ..., xn) if
G[_ | f (x1 , x2 , ..., xn)= f (x_(1) , x_(2) , ..., x_(n))].
A permutation in G is called an invariant permutation of f. A Boolean func-
tion f (x1 , x2 , ..., xn) is weakly symmetric if f has a transitive invariant
group.
In 1975, Rivest and Vuillemin [6] showed that every weakly symmetric
Boolean function f (x1 , x2 , ..., xn) with f (0, 0, ..., 0){ f (1, 1, ..., 1) for prime
power n is elusive. They then conjectured that every weakly symmetric
Boolean function f (x1 , x2 , ..., xn) with f (0, 0, ..., 0){ f (1, 1, ..., 1) is elusive.
However, Illies [4] presented a non-elusive weakly symmetric Boolean
function of ten variables f (x1 , x2 , ..., x10) with f (0, 0, ..., 0){ f (1, 1, ..., 1).
But, the function constructed by Illies is not monotone. Due to this
counterexample, Aigner [1] modified Rivest and Vuillemin’s conjecture to
the following conjecture.
RivestVuillemin Conjecture. Every nontrivial monotone weakly
symmetric Boolean function is elusive.
Illies’ counterexample does not apply to this modified conjecture.
Naturally one may wonder whether Illies’ counterexample (a Boolean
function of ten variables) can also be modified to disprove the modified
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conjecture. We show that this cannot be done. In particular, we show that
the modified conjecture, i.e., Rivest and Vuillemin conjecture on monotone
Boolean functions, is true for n=10.
2. PRELIMINARIES
To show that the RivestVuillemin conjecture is true on monotone
Boolean functions, it suffices to consider only decreasing functions. In fact,
if f (x) is increasing, then f (x ) is decreasing. Moreover, f (x) is elusive if and
only if f (x ) is elusive.
An abstract complex 2 on a finite set X is a family of subsets of X such
that if A is in 2, so is every subset of A. Each element of 2 is called a face.
The dimension of a face A is |A|&1. A vertex of 2 is a 0-dimensional face.
The Euler characteristic of an abstract complex 2 is defined by
/(2)= :
A # 2, A{<
(&1) |A|&1= :
A # 2
(&1) |A|&1+1,
where /([<])=0 and define /(<)=1.
For any 0-1 vector x, let truth(x) denote the set of all x’s components
with value 1. Associated each decreasing Boolean function f (x), an abstract
complex can be defined by
2f=[truth(x) | f (x)=1].
Each vertex of 2f is a variable of f. The following is a well-known fact.
Lemma 1. For nontrivial decreasing Boolean function f, if /(2f){1, then
f is elusive.
A permutation _ on the vertex set of an abstract complex 2 is called an
automorphism of 2 if for each face A # 2, _(A)=[_(a) | a # A] is still a face
of 2. Every invariant permutation of a Boolean function f induces an
automorphism of 2f .
A maximal face is a face which is not a proper subset of another face.
A face is free if there is only one maximal face properly containing it. An
abstract complex is collapsible if it can be vanished by a sequence of opera-
tions each removing a free face and all faces containing the free face. The
following can be found in [8].
Lemma 2. If a nontrivial decreasing Boolean function f is not elusive,
then 2f is collapsible.
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Let G be a group of automorphisms on 2. An orbit of G is a minimal
subset of vertices of 2 which is closed under actions of G. That is, for any
two vertices in an orbit there is an automorphism in G which transforms
one vertex to the other one, and any vertex in an orbit is transformed by
automorphism in G to a vertex in the orbit. Define
2G=[[H1 , ..., Hk] | H1 , ..., Hk are orbits of G and
H1 _ } } } _ Hk # 2] _ [<].
Then 2G is also an abstract complex. The following fact can be found
in [9].
Lemma 3. Let G be a group of automorphisms on a collapsible abstract
complex 2. If G is a cyclic group or G # Yp for some prime p, then /(2G)=1,
where Yp is the class of all finite groups G with normal p-subgroups G1 IG
such that the quotient group GG1 is cyclic.
The following lemma follows from Lemmas 2 and 3.
Lemma 4. If a nontrivial decreasing Boolean function f has a transitive
cyclic invariant group or a transitive invariant group in Yp , then f is elusive.
Proof. Let G be the transitive cyclic invariant group or the transitive
invariant group in Yp . Then G has only one orbit in 2f . This orbit cannot
be a face of 2f . In fact, if it is a face, then 2f is a simplex and f must be
a constant, i.e., a trivial function, a contradiction. Thus, 2Gf =[<] and
/(2Gf )=0. By Lemma 3, 2f is not collapsible. By Lemma 2, f is elusive. K
3. MAIN RESULTS
In this section, we prove the following theorem.
Theorem 1. Every nontrivial monotone weakly symmetric Boolean
function of ten variables is elusive.
We first show some facts on transitive permutation groups of degree ten.
Two permutation groups, say GSym(0) and HSym(0$), are
permutation isomorphic if there exists a bijection *: 0  0$ and a group
isomorphism  : G  H, such that *(:x)=(*(:))(x) for all : # 0 and x # G.
The following result can be found in [2].
Lemma 5. There are exactly 45 transitive permutation groups of degree
ten up to permutation isomorphism. They are given as
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T1=(ab, i) , T2=(ab, c2d 2i) , T3=(ab, c2d 2, i) ,
T4=(ab, cdi) , T5=(ab, cd, i) , T6=(a, i) ,
T7=(v2, w) , T8=(k, j) , T9=(a, c2d 2, i) ,
T10=(a, cdi) , T11=(ab, ef, i) , T12=(ab, ef, ghi) ,
T13=(v, w) , T14=(g, j) , T15=(k, j, o) ,
T16=(k, j, m) , T17=(a, cd, i), T18=(a, cd, ci) ,
T19=(a, cd &1, i) , T20=a, cd &1, c2i) , T21=(a, c2, i),
T22=(ab, gh, i), T23=(g, j, o) , T24=(k, j, p) ,
T25=(k, j, n) , T26=(s, t2, x), T27=(a, c2, cd, i) ,
T28=(a, c2, cd, ci) , T29=(g, j, p) , T30=(s, t, x) ,
T31=(s, t2, tu, x) , T32=(s, t2, u, x) , T33=(a, c, i) ,
T34=(k, j, q) , T35=(s, t, u, x) , T36=(g, j, q),
T37=(k, j, gl) , T38=(k, j, l) , T39=(g, j, kl) ,
T40=(a, e, i) , T41=(a, e, gh, i) , T42=(a, b, e, f, gh, gi) ,
T43=(a, g, i) , T44=( y, k) , T45=( y, g) ,
where
a=(12345), b=(67890), c=(2354),
d=(7809), e=(15)(23), f =(60)(78),
g=(12), h=(67), i=(16)(27)(38)(49)(50),
j=(13579)(24680), k=(12)(34), l=(19)(20)(34),
m=(39)(40)(5768), n=(12)(3597)(4608), o=(39)(40)(57)(68),
p=(3597)(4608), q=(19)(20)(35)(46), r=(19)(20)(3546),
s=(123)(456)(789), t=(26493875), u=(47)(58)(69),
v=(18)(2563)(4970), w=(157)(294)(380), x=(10)(47)(56)(89),
y=(234567890).
Remark. According to [2], T4=(ab, c2d 2, cdi) and T10=(a, c2d 2, cdi).
Since (cdi)2=c2d 2, we can simplify them to T4=(ab, cdi) and T10=(a, cdi).
Suppose f is a nontrivial monotone weakly symmetric Boolean function of
ten variables. Then f has a transitive invariant group G. By Lemma 5, G is
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permutation isomorphic to one of 45 groups in the lemma. If G contains
cyclic subgroup of degree ten, then f has a transitive cyclic invariant group
and hence f is elusive. Thus, we may assume that G contains no cyclic sub-
group of degree ten, i.e., the groups in the following lemma can be removed
from our consideration.
Lemma 6. The following groups have transitive cyclic subgroup of order 10.
T1 , T3 , T5 , T6 , T9 , T11 , T14 , T17 , T19 , T21 , T22 , T23
T27 , T29 , T30 , T33 , T35 , T36 , T39 , T40 , T41 , T43 , T45 .
Proof. It can be seen in Table 10C of [2] that all these groups contain
cycles of length 10, which are clearly transitive. K
The following lemma provides relations among remaining groups.
Lemma 7. Among the groups not occurred in Lemma 6, the following
relations are true.
(a) T4 is a subgroup of T10 , T12 , and T20 .
(b) T7 is a subgroup of T13 .
(c) T8 is a subgroup of T15 , T16 , T24 , T25 , T34 , T37 , T38 , and T44 .
(d) T18 is a subgroup of T28 , and T42 .
(e) T26 is a subgroup of T31 and T32 .
Proof. (a) To see T4<T10 , we note that
(a } (cdi)2 } (a } cdi)2)3=b.
To see T4<T12 , we note that
(ef } ghi } ab)&1=cdi.
To see T10<T20 , we note that
(cd &1)2=c2d 2
c2i } cd &1=cdi.
(b) T7<T13 is trivial.
(c) All T8 ’s generators k and j are also generators of T15 , T16 , T24 ,
T25 , T34 , T37 , and T38 . Note that T44=A10 and k and j are even permuta-
tion. Thus, T8<T44 .
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(d) Clearly, T18<T28 . To see T18<T42 , we note the following.
a } gi } f } b=ci
e } gh } a } gh } f } gh } b=(cd)&1.
(e) T26 is generated by s, t2, and x which are elements of T31 and
T32 . K
Lemma 8. T2 # Y5 , T8 # Y2 , T4 # Y5 , and T18 # Y5 .
Proof. To see T2 # Y5 , choose H=( (12345)(67890)) It is easy to verify
that H is a normal 5-subgroup of T2 and T2 H$( (16)(20)(39)(48)(57))
is cyclic. Therefore, T2 # Y5 .
To see T8 # Y2 , choose
H=[(1), (12)(34), (12)(56), (12)(78), (12)(90), (34)(56), (34)(78),
(34)(90), (56)(78), (56)(90), (78)(90), (12)(34)(56)(78),
(12)(34)(56)(90), (12)(34)(78)(90), (34)(56)(78)(90),
(12)(56)(78)(90)].
It is easy to verify that H is a normal 2-subgroup of T8 and T8 H is cyclic
(In fact, T8 H$( (13579)(24680)) ). Thus T8 # Y2 .
To see T4 # Y5 , choose H=( (12345)(67890)). It is easy to verify that H
is a normal 5-subgroup of T4 and T4 H is cyclic (In fact, T4H$
( (16)(2859)(3047)) ). Thus, T4 # Y5 .
To see T18 # Y5 , choose H=( (12345), (67890)). It is easy to verify that
H is a normal 5-subgroup of T18 and T18H is cyclic. Thus, T18 # Y5 . K
It follows from Lemmas 4 and 58 that, for any nontrivial, decreasing,
weakly symmetric Boolean function f of ten variables, if f has an invariant
transitive group that is permutation isomorphic to a group T in Lemma 5
and T is not T1 , T13 , T26 , T31 , or T32 , then f is elusive. Furthermore, by
Lemma 7, we know that to complete the proof of Theorem 1, it is sufficient
to show that any nontrivial decreasing weakly symmetric Boolean function
f of ten variables with an invariant group T7 or T26 is elusive.
Lemma 9. Any nontrivial decreasing weakly symmetric Boolean function
f of ten variables with an invariant group T7 is elusive.
Proof. From Table 10A of [2], we see that T7 is isomorphic to A5 , the
alternating group of degree 5. We further observe that this isomorphism
can be made to a permutation isomorphism with two bijections as follows:
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The first bijection is between 0=[1, 2, ..., 9, 0] and 0$=[(i, j) | 1i< j5]
where each (i, j) is a unordered pair, defined by
1 W (2, 3), 2 W (3, 4), 3 W (1, 3), 4 W (3, 5), 5 W (2, 4),
6 W (1, 2), 7 W (2, 5), 8 W (1, 4), 9 W (4, 5), 0 W (1, 5).
The second bijection is between T7=(v2, w) and A5=( (14)(23), (345)) ,
defined by
v2 W (14)(23), w W (345).
This permutation isomorphism enables us to label the ten variables of f by
unordered pairs of elements in [1, 2, 3, 4, 5], so that each assignment to
variables corresponds to a graph on five vertices 1, 2, 3, 4, 5. However, we
should note that f is invariant only under even permutations (i.e., permuta-
tions in A5). This is not sufficient to make all isomorphic graphs have
the same function value. For example, the complement of a Hamiltonian
cycle 1-2-3-4-5-1 is also a Hamiltonian cycle 1-3-5-2-4-1 (Fig. 1). Every
isomorphism between these two Hamitonian cycles is an odd permutation.
Hence, function values on these two cycles may not be the same.
For convenience, we call a graph isomorphism even-isomorphism if it is
actually an even permutation of vertices. All Hamiltonian cycle can be
divided into two equivalence classes under even-isomorphisms.
In general, if a graph is invariant under a 2-cycle (or an exchange), then
all graphs isomorphic to it form an equivalence class, represented by a
graph without vertex label in Fig. 2. If a graph is not invariant under any
2-cycle (or any exchange), then all graphs isomorphic to it can be divided
into two equivalence classes, each represented by a graph with vertex labels
in Fig. 2. Figure 2 shows all equivalence classes and the number of elements
in each equivalence class. Note that the complements of all graphs in an
equivalence class also form an equivalence class. Thus, we need to show
only classes consisting of graphs with at most five edges in Fig. 2.
FIGURE 1
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FIGURE 2
We note that the number of elements in all but two equivalence class in
Fig. 2 is divisible by five. These two equivalence classes consist of graphs of
five edges and each contains twelve elements. Moreover, for each equiv-
alence class, either all its elements belong to 2f or none of its elements
belongs to 2f . Thus, /(2f)#0 or 2 or 4 (mod 5). It follows that /(2f){1
and hence f is elusive. K
Finally, we complete the proof of Theorem 1 by showing the following
lemma.
Lemma 10. T7 is permutation isomorphic to a subgroup of T26 .
Proof. From Table 10A of [2], we can see that T26 is isomorphic to
A6 , the alternating group of degree six. Note that there are exactly ten
partitions, each of which divides the set [1, 2, ..., 6] into two disjoint parts
of equal size as
[1, 2, 3 | 4, 5, 6], [1, 2, 4 | 3, 5, 6], [1, 3, 4 | 2, 5, 6],
[2, 3, 4 | 1, 5, 6], [1, 2, 5 | 3, 4, 6], [1, 3, 5 | 2, 4, 6],
[2, 3, 5 | 1, 4, 6], [1, 4, 5 | 2, 3, 6], [2, 4, 5 | 1, 3, 6],
[3, 4, 5 | 1, 2, 6].
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Let 0" be the set of these ten partitions. Then Sym(0")=S6 . Thus, A6 /
Sym(0"). Now, we can construct a permutation isomorphism between
T26 /Sym(0) and A6 /Sym(0") as follows. The bijection between 0 and
0" is defined by
1 W [1, 2, 3 | 4, 5, 6], 2 W [2, 3, 4 | 1, 5, 6], 3 W [1, 2, 5 | 1, 4, 6],
4 W [3, 4, 5 | 1, 2, 6], 5 W [1, 3, 5 | 2, 4, 6], 6 W [1, 3, 4 | 2, 5, 6],
7 W [2, 4, 5 | 1, 3, 6], 8 W [1, 2, 5 | 3, 4, 6], 9 W [1, 2, 4 | 3, 5, 6],
0 W [1, 4, 5 | 2, 3, 6].
The bijection between T26=(s, t2, x) and A6=( (145), (5243)(61),
(16)(23)) is defined by
s W (145), t2 W (5243)(61), x W (16)(23).
Note that the mapping
[i1 , i2 , i3 | i4 , i5 , 6]  (i4 , i5)
is a bijection between 0" and 0$ in the proof of Lemma 9. With this map-
ping, it is easy to see that there exists a permutation isomorphism between
A5 /Sym(0") and A5 /Sym(0$). Therefore, there exists a permutation
isomorphism between A5 /Sym(0") and T7 /Sym(0). These means that
T7 is permutation isomorphic to a subgroup of T26 . K
4. DISCUSSION
For convenience of the reader, we provided explicit constructions for
permutation isomorphisms claimed in the proofs of Lemmas 9 and 10.
Another shorter argument is available with Table 10A in [2]. For example,
it is easy to verify that A6 is transitive on 0". If we use 1, 2, ..., 9, 0 to label
these ten partitions, then A6 induces a transitive subgroup of degree 10
which should be permutation isomorphic to one of groups in Lemma 5.
From Table 10A of [2], we see that this group must be T26 since only T26
is isomorphic to A6 in Lemma 5. This proves that T26 on 0 is permutation
isomorphic to A6 on 0".
Gao et al. [3] already showed that RivestVuillemin conjecture on
monotone Boolean functions is true for n=6. Since the conjecture is true
for all n that is a power of a prime, the conjecture is true for n11.
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